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Problem 1: Two-mode squeezed states of light.

a) Given the two-mode squeezing operator S(&1) = exp(Efdqdy — E0dlad), show that
SH(€12)a15(E10) = pay — vah and  ST(£12)425(612) = pag — val,
where 1 = cosh(|€15]), v = € sinh(|£2]) and &5 = €7|&qy].

b) For a two-mode radiation field strength F° = F1d1+FfdJ{+E2d2+F;(AI£, where Fy = |F\| exp(i¢,),
show that the (normal ordered) variance of F for the state S(&12)|0) = |&12) is given by:

A 2|1 F: 1+ |v]?
(€l : (AP Jee) = 2R + IR L~ el [ coon 4 00 44

c) Considering 6 = ¢; + ¢ + ¢, and |Fy| = |F»| = 1, plot this variance as a function of 6 for
lv| = 1/v/3 and |v| = 1/v/15. How does the squeezing change?

Problem 2: Decomposition of the squeezing operator (alternative derivation).

Assuming that the squeezing operator can be parametrized in two ways as

SO\ = exp B)\ (€% — 5&*2)} — exp Bﬁ(x)fﬂz] exp [TQ(A) (n + %)] exp [%Tg(A)az} ,

where 7 = a'a and \ € [0, 1], show that

A 1 1 *
S =exp {5 (5*&2 — 5&”)] = exp [—i&”} exp {— Ing (ﬁ—l— 5)} exp {QV_MC?} ,

with g = cosh(|¢]), v = € sinh(|¢]) and § = €?[¢].
HINT: use the derivatives of S(\) in both forms with respect to A and compare them. The
disentangled form of the squeezing operator allows one to easily see that photons are generated in

pairs during the process of parametric downconversion. The operators %&2 and %dﬂ, which appear

in the standard form of the single-mode squeezing operator S = exp [% (5*&2 — fd“)], and their
commutator n + % form a basis for the Lie algebra of the SU(1,1) group, to which the squeezing
operator belongs. Since the elements of a Lie group can be obtained through exponentiation
of the elements of its respective algebra, there are two ways of expressing the elements U of a
group: U({a}) = exp(d>_, auI';) or U({B}) = [, exp(Bil';), where o # B, {8} = {b1,-... 0~}
(and equally for {a}) and I'; are the generators (elements of the basis of the algebra). The
transformation of the generators U(7;)I';U~!(7;) = I'; can be found through differentiation of I"
relative to ;.
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